We give full description (direct formulas) of all complex geodesics in a convex tube domain in C n containing no complex affine lines, expressed in terms of geometric properties of the domain.
Introduction
We say that a domain D ⊂ C n is a tube if D = Ω+iR n for some domain Ω ⊂ R n , which is called the base of D and in this paper it is denoted by Re D. In the recent paper [5] we investigated convex tube domains from the point of view of theory of holomorphically invariant distances. Actually, we were interested especially in the notion of complex geodesics. Given a convex domain D ⊂ C n , we call a holomorphic map ϕ : D → D a complex geodesic for D if there exists a holomorphic function f : D → D such that f • ϕ = id D . Such a function f is then called a left inverse of ϕ. In this paper by D we denote the unit disc in C. It follows from the Lempert theorem (see [4] or [2, Chapter 8] ) that if D ⊂ C n is a taut convex domain, then for any pair of points in D there exists a complex geodesic passing through them. In the class of convex domains tautness is equivalent to not containing any complex affine lines (see e.g. [1] ). A convex tube domain D contains no complex affine lines if and only if its base contains no real affine lines. In that case D is affinely equivalent to a convex tube domain D ′ ⊂ (−∞, 0) n + iR n , i.e. there exists a complex affine isomorphism of C n with real matrix which maps D to D ′ . Therefore, a natural class of convex tube domains for considering complex geodesics is the class consisting of those of them which contain no complex affine lines. And in fact, we do not lose anything in restricting to that class (see [5, Observation 2.4 
]).
This paper may be treated as a continuation of [5] . The main theorem which was proved in [5] gives an equivalent condition for a holomorphic map ϕ : D → D to be a complex geodesic for a convex tube domain D which contains no complex affine lines. In this paper we apply this condition to give a full description of all complex geodesics for D (Theorem 1.1). More precisely, we give a direct formulas for boundary measures of complex geodesics. Knowing the form of boundary measure of ϕ, we can recover the mapping ϕ itself via the Schwarz integral formula (1) .
In this paper we consider only Borel measures on T. They can be treated as continuous linear functionals on the space C(T) of complex-valued continuous functions on T, equipped with the supremum norm. A real (i.e. complex with real values) Borel measure µ on the unit circle T ⊂ C is called a boundary measure of a holomorphic function ϕ : D → C, if (1) ϕ(λ) = 1 2π T ζ + λ ζ − λ dµ(ζ) + iIm ϕ(0), λ ∈ D, or equivalently, taking the real parts in this equality, if
In such situation µ is uniquely determined by ϕ and it is a weak-* limit of measures Re ϕ(rλ) dL T (λ), when r → 1 − (as linear functionals on C(T); see e.g. [3, p. 10] ). In the case when ϕ = (ϕ 1 , . . . , ϕ n ) ∈ O(D, C n ), by a boundary measure we mean a unique n-tuple (µ 1 , . . . , µ n ) of real Borel measures on T such that µ j is the boundary measure for ϕ j for every j = 1, . . . , n. Then formulas analogous to (1) and (2) hold for ϕ. Denote
It is very important that if D ⊂ C n is a convex tube domain containing no complex affine lines, then every holomorphic map ϕ : D → D belongs to M n (see [5, Observation 2.5] ). In that case for L T -almost every λ ∈ T the radial limit ϕ * (λ) = lim r→1 − ϕ(rλ) of ϕ exists and belongs to D, where L T denotes the Lebesgue Measure on T.
In the paper we extensively use some decompositions of measures. From the classical Radon-Lebesgue-Nikodym decomposition theorem we conclude (see Lemma 3.4) that for a n-tuple µ of real Borel measures on T there is a decomposition
where g : T → R n and ̺ : T → ∂B n are Borel-measurable mappings, the components of g are in L 1 (T, L T ) and ν is a finite, positive Borel measure on T, singular to L T . The measure ν is unique, the map ̺ is unique up to a set of ν measure zero and the map g is unique up to a set of L T measure zero. Here by B n we mean the unit euclidean ball in R n . For a convex tube domain D ⊂ C n we use the following sets, which describe some geometric properties of its base. Define
and for a vector v ∈ R n , (see Observation 2.1 for some properties of these sets). By x, y , x, y ∈ R n , we mean the standard hermitian inner product in R n . The following theorem is the main result of this paper:
n be a convex tube domain containing no complex affine lines and let ϕ ∈ M n be a holomorphic map with the boundary measure µ. Consider the decomposition
where g = (g 1 , . . . , g n ) : T → R n and ̺ : T → ∂B n are Borel-measurable maps,
n , h ≡ 0, such that the following conditions hold:
Moreover, if ϕ(D) ⊂ D, ϕ is a complex geodesic for D and h is a map of the above form satisfying the conditions (i) -(iv), then there hold:
For a set A ⊂ R n the symbol A ⊥ denotes the set {v ∈ R n : ∀a ∈ A : v, a = 0}. Theorem 1.1 gives a full description of all complex geodesics for D in terms of its geometric properties, i.e. the sets P D (v), W D , S D . It gives quite separate conditions for both parts g dL T and ̺ dν of the decomposition of µ (they are connected 'only' by the mapping h), what makes it relatively not difficult to construct a measure which defines a complex geodesic for D (see Remark 3.7).
In Section 4 we apply Theorem 1.1 to obtain formulas for complex geodesics in some special classes of convex tube domains. We get such formulas for an arbitrary convex tube domain in C 2 containing no complex affine lines and for an arbitrary convex tube
Preliminaries
Let us begin with some notation. By δ λ0 we mean the Dirac delta at a point λ 0 ∈ T, by χ A we mean the characteristic function χ A : T → A of a set A ⊂ T, by · we denote the euclidean norm in R n or C n and by e 1 , . . . , e n we mean the canonical basis of R n or C n . We use the symbol ·, ·· also for measures and functions. For example, if µ is a tuple (µ 1 , . . . , µ n ) of real Borel measures and v = (v 1 , . . . , v n ) is a real vector or a bounded Borel-measurable mapping from T to R n , then dµ, v or v, dµ is the measure n j=1 v j dµ j , etc. The fact that a real measure ν is positive (resp. negative, null) is shortly denoted by ν ≥ 0 (resp. ν ≤ 0, ν = 0).
In what follows we use the following families of mappings:
We have
Moreover (see e.g. [2, Lemma 8.4.6]),
so such a function h has at most one root on T (counting without multiplicities).
We need the following fact on boundary measures of holomorphic functions: if µ is a boundary measure of a function ϕ ∈ M and µ = g dL
We finish this section with some geometric observations on the sets
It is clear that these sets are convex, P D (v) ⊂ ∂Re D and if v ∈ S D , w ∈ W D and t ≥ 0, then tv ∈ S D and tw ∈ W D , i.e. the sets S D and W D are convex cones.
n be a convex tube domain and let v ∈ R n . Then:
, then the vectors p − q and v are orthogonal, (iv) if the domain Re D is strictly convex (in the geometric sense, i.e. ∂Re D does not contain any non-trivial segments), then the set P D (v) contains at most one element, 
Description of complex geodesics
We begin this section with investigating the singular and absolutely continuous parts of the boundary measure of a complex geodesic in its Lebesgue-RadonNikodym decomposition with respect to L T . Next we prove the main reault, Theorem 1.1. We finish this section with some remarks on the main theorem.
The following theorem is the main result of the paper [5] :
. Let D ⊂ C n be a taut convex tube domain and let ϕ : D → D be a holomorphic map with the boundary measure µ. Then ϕ is a complex geodesic for D iff there exists a map h ∈ H n , h ≡ 0, such that
We begin with the following lemma, which transforms the condition from Theorem 3.1 into two conditions related to the parts of decomposition of µ.
n be a convex tube domain containing no complex affine lines, h ∈ H n , h ≡ 0 and let ϕ : D → D be a holomorphic map with the boundary measure µ.
the Lebesgue-Radon-Nikodym decomposition of µ with respect to L T . Then
iff the following two conditions hold:
Proof. Let µ s = (µ s,1 , . . . , µ s,n ). There exists a Borel subset S ⊂ T such that
There hold the equalities
We have ν z = χ T\S dν z + χ S dν z and from (5) it follows that
If the condition (4) holds, i.e. ν z ≤ 0 for every z ∈ D, then (i) follows from Lemma [5, Lemma 3.7] and (ii) follows from the equality (7). On the other hand, if there hold (i) and (ii), then (6) and (7) gives that for each z ∈ D the measures χ T\S dν z and χ S dν z are negative and hence ν z is so.
In the following lemma we present an equivalent condition for a map ϕ ∈ M n to have the image contained in the closure of a given convex tube domain. Again, this condition is expressed with usage of the decomposition of the boundary measure of ϕ.
n be a convex tube domain containing no complex affine lines, let ϕ ∈ M n be a holomorphic map with the boundary measure µ and let
be the Lebesgue-Radon-Nikodym decomposition of µ with respect to L T . Then ϕ(D) ⊂ D iff the following two conditions hold:
Proof. Again, let S ⊂ T be such that there holds (5) .
what gives a similar inequality for measures:
Taking limit for r tending to 1 we get
what together with (5) gives µ s , v ≤ 0.
If w ∈ W D , then there exists a sequence (v n ) n ⊂ W D tending to w. The measure µ s , w is a weak-* limit of the sequence µ s , v n of negative measures, so it is negative, too. Now, assume that (i) and (ii) hold. It suffices to show that if p ∈ R n \ Re D and v ∈ R n are such that
so Re ϕ(λ) − p, v ≤ 0 and the proof is complete.
Lemma 3.4. Let µ be a n-tuple of real Borel measures on T. Then there exist a unique finite, positive Borel measure ν on T singular to L T , a unique (up to a set of ν measure zero) Borel-measurable map ̺ : T → ∂B n and a unique (up to a set of L T measure zero) Borel-measurable map g :
In particular, g dL T and ̺ dν are (respectively) the absolutely continuous and singular parts of µ in its Lebesgue-Radon-Nikodym decomposition with respect to L T .
Proof. Let µ = g dL T + µ s be the Radon-Lebesgue-Nikodym decomposition of µ with respect to L T . Set µ s = (µ s,1 , . . . , µ s,n ) and ν := |µ s,1 | + . . . + |µ s,n | and let F := (F 1 , . . . , F n ) : T → R n be a Borel-measurable map such that
Let ̺ : T → ∂B n be a Borel-measurable map such that
. We have
what gives a desired decomposition. It remains to show uniqueness. The map g is clearly unique up to a set of L T measure zero. Assume that there are ν ′ , ̺ ′ satisfying the same conditions as ν, ̺. In particular, µ = g dL
Thus, the maps G̺ and G ′ ̺ ′ are equal ω-a.e. on T. This gives G(λ) = G ′ (λ) for ω-a.e. λ ∈ T and in consequence ν = ν ′ . Hence, ν-a.e. on T we have
Now we are ready to prove the main result of this section:
Proof of Theorem 1.1. We have
Assume that the conditions (i) -(iv) hold. Hence, from (i), (iii) and Lemma 3.3 it follows that ϕ(D) ⊂ D. As ϕ(0) ∈ D and D is convex, we have ϕ(D) ⊂ D. Now, from the assumptions (i) and (ii) and Lemma 3.2 it follows that the condition from Theorem 3.1 is fulfilled. Hence, in view of that theorem, ϕ is a complex geodesic for D. Now, assume that ϕ(D) ⊂ D and ϕ is a complex geodesic for D. Take h ∈ H n as in Theorem 3.1. The condition (iv) is clear and the conditions (i), (ii) follow directly from Lemma 3.2.
From Lemma 3.3 it follows that for every w ∈ W D and ν-a.e. λ ∈ T there holds (10) ̺(λ), w ≤ 0.
This 'almost every' may a priori depend on w, but we can ommit this problem in the following way. Take a dense, countable subset {w j : j = 1, 2, . . .} ⊂ W D and for each j let A j ⊂ T be a Borel subset such that ν(T\A j ) = 0 and ̺(λ), w j ≤ 0 for every λ ∈ A j . Put A := ∩ ∞ j=1 A j . Now it is clear that ν(T \ A) = 0 and (10) holds every w ∈ W D and every λ ∈ A. Thus,
This is exactly the condition (iii).
It remains to prove the last part of the theorem, i.e. if h ∈ H n , h ≡ 0 satisfy the conditions (i) -(iv), then it satisfy also (v) and (vi).
From (i) it follows that for L T -a.e. λ ∈ T there isλh(λ) ∈ W D . Hence, as h is continuous, for every λ ∈ T we haveλh(λ) ∈ W D , what gives (vii).
We prove (v). Fix ǫ > 0. There exists δ > 0 such that |λh j (λ) −ζh j (ζ)| ≤ ǫ for j = 1, . . . , n, whenever λ, ζ ∈ T and |λ − ζ| ≤ δ. Take λ 1 , . . . , λ m ∈ T for which the arcs L k := {λ ∈ T : |λ − λ k | < δ}, k = 1, . . . , m, cover the circle T. For ν-a.e. λ ∈ L k we have
The last inequality follows from (iii) and (vii). As k and ǫ are arbitrary, the condition (v) follows. Now we prove (vi). For every λ ∈ T such that ̺(λ) ∈ S D andλh(λ) ∈ int W D there holds λ h(λ), ̺(λ) < 0, because the map w → ̺(λ), w is open and non-positive on W D , so it must be negative on int W D . Hence in view of (v), λh(λ) ∈ int W D holds ν-almost nowhere on T. The proof is complete. Remark 3.6. If Re D is bounded, then W D = R n and S D = {0}, so from the condition (iii) it follows that ν is a null measure. Then also the condition (ii) is automatically fulfilled. Thus, every complex geodesic for D has the boundary measure of the form µ = g dL T for some g, h satisfying (i) and (iv).
Remark 3.7. It is worth to point out that Theorem 1.1 gives quite separate conditions for the singular and absolutely continuous parts of µ. The absolutely continuous part g dL T must satisfy (i), while the singular part ̺ dν must fulfill (ii) and (iii). Everything is connected 'only' by the map h. To construct a measure µ which defines a complex geodesic for D it suffices to choose a map h ∈ H n , h ≡ 0 such that
and next:
• take a map g with integrable components satisfying (i) (note that it may happen that it is impossible, even if (11) holds -see Example 4.4),
• take a measure ν singular to L T and satisfying (vi),
• take a Borel-measurable map ̺ : T → ∂B n satisfying (v).
Then, if µ is given by (3) and additionally 1 2π µ(T) ∈ Re D (i.e. Re ϕ(0) ∈ Re D), then µ is a boundary measure of a complex geodesic for the domain D.
Below we consider linear (in)dependence of functions h 1 , . . . , h m ∈ H 1 . In this case it does not matter whether it is meant over the filed R or C, because these two properties are equivalnet, in view of the fact thatλh j (λ) ∈ R for λ ∈ T, j = 1, . . . , m. (i) If the functions h 1 , h 2 are linearly independent, then there exists at most one map g satisfying the condition (i) from Theorem 1.1 and the set T \ A h contains at most two points. In particular,
Indeed, ∂Re D contains at most countably many pairwise disjoint segments S 1 , S 2 , . . .. If P D (λh(λ)) has more than one element, then the vectorλh(λ) is orthogonal to some S j . Now from the identity principle for h and Theorem 1.1 (i) it follows that L T -almost every P D (λh(λ)) is a singleton. The latter part of (i) follows immediately from Theorem 1.1 (vi), (vii) and the fact that W D is any of the whole R 2 , a closed half-plane or a closed, convex, infinite angle with the vertex at the origin.
(ii) If the functions h 1 , h 2 are linearly dependent, then the set A h is any of ∅, T or {λ 0 } for some λ 0 ∈ T. In the last case we have h(λ 0 ) = 0 and ν = αδ λ0 for some α > 0.
Indeed, there exists a vector v ∈ R 2 such that for L T -a.e. λ ∈ T we have P D (λh(λ)) = P D (v). Now the conclusion follows from Theorem 1.1 and from the fact that the set W D must be any of the sets previously listed. If ϕ is a complex geodesic for D and h is as in Theorem 1.1, then m may be chosen as the maximal number of linearly independent functions among h 1 , . . . , h n and V may be chosen such that its rows form a basis of the space X h := span R {Re a, Im a, b}. If we do an affine change of coordinates such that X h = R m × {0} n−m , then the map (ϕ 1 , . . . , ϕ m ) has to be a complex geodesic for D ′ and the other components ϕ m+1 , . . . , ϕ n must satisfy only the condition ϕ(D) ⊂ D (which, however, can sometimes give quite strong restrictions on ϕ).
Special classes of convex tube domains
In these section we apply Theorem 1.1 to obtain direct formulas for complex geodesics in some special classes of convex tube domains (Corollaries 4.1 and 4.2).
Let D ⊂ C 2 be a convex tube domain containing no complex affine lines. From Observation 2.1 it follows that the set W D is a closed, convex, infinite cone with vertex at the origin and with non-empty interior. Thus, W D is any of the whole R 2 , a half-plane or a convex infinite angle, i.e. the set
If W D is the whole R 2 , then Re D is bounded. Tubes with bounded base were considered in Remark 3.6. If W D is an angle, then D is affinely equivalent to a convex tube domain
We deal with that situation in iff there exists a map h ∈ H 2 , h ≡ 0 such that the following conditions hold:
Note that from the assumptions it follows that D contains no complex affine lines. There also holds
Proof of Corollary 4. n . In the following corollary of Theorem 1.1 we describe all complex geodesics for a domain D ∈ D n . Corollary 4.2. Let D ∈ D n , n ≥ 2, and let ϕ ∈ M n be a holomorphic map with boundary measure µ. Consider the decomposition iff there exists a map h ∈ H n , h ≡ 0 such that the following conditions hold:
. . , n} is such that h j ≡ 0, then ̺ j dν = α j δ λj for some λ j ∈ T and α j ∈ (−∞, 0] such that α j h j (λ j ) = 0.
Proof of Corollary 4.2. Assume that ϕ(D) ⊂ D and ϕ is a complex geodesic for D. Let h be as in Theorem 1.1. The conditions (i) -(iv) follow directly from Theorem 1.1, so it remains to show the condition (v). Set ̺ = (̺ 1 , . . . , ̺ n ). The expression λ h(λ), ̺(λ) , which is by Theorem 1.1 (v) ν-almost everywhere equal to zero, is a sum of non-positive terms λh 1 (λ)̺ 1 (λ), . . . ,λh n (λ)̺ n (λ). Therefore, all this terms are ν-a.e. equal to zero. In particular, if j is such that h j ≡ 0, then the function h j has at most one root on T (counting without multiplicities), so we obtain (up to a set of ν measure zero) ̺ j ≡ β j χ {λj } for some λ j ∈ T and β j ∈ (−∞, 0] such that β j h j (λ j ) = 0. This gives the condition (v) with α j := β j ν({λ j }).
As previously, it follows immediately from Theorem 1.1 that if h are such that the conditions (i) -(v) are satisfied, then ϕ is a complex geodesic for D.
Remark 4.3. In Corollary 4.2, if ϕ is a complex geodesic, h is as in the corollary and h 1 ≡ 0, . . . , h n ≡ 0, then ̺ dν = (α 1 δ λ1 , . . . , α n δ λn ) for some α 1 , . . . , α n ∈ (−∞, 0] and λ 1 , . . . , λ ∈ T such that
Thus, the singular part of µ takes then a very special form. However, in Example 4.5 we shall see that generally it is not the case, even for 'nice' mappings h (e.g. with linearly independent components in the case n = 3; cf. Remark 3.9).
In the opposite situation, i.e. when h j ≡ 0 for some j, the map π j • ϕ is a complex geodesic for the domain π j (D), where π j : C n → C n−1 is a projection omiting the j-th coordinate. It follows from the fact that the condition from Theorem 3.1 is then fulfilled with π(D), π j • ϕ and π • h.
Note that if the domain Re D is strictly convex (in the geometric sense), then there must holdλh 1 (λ) ≡ 0, . . . ,λh n (λ) ≡ 0. It is a consequence of Corollary 4.2 (ii). 
It belongs to the family D 2 . One can check that for v = (v 1 , v 2 ) ∈ (0, ∞) 2 we have
Take a complex geodesic ϕ : D → D with the boundary measure µ and let g, ν, ̺ and h = (h 1 , h 2 ) ∈ H 2 + be as in Corollary 4.2. Assume that h 1 and h 2 are linearly independent. Then they are of the form
If d 1 ∈ T or d 2 ∈ T, then one of the components of g does not belong to
, what is a contradiction. Hence there must be d 1 , d 2 ∈ D. From Corollary 4.2 (ii) it follows that h 1 ≡ 0 and h 2 ≡ 0. Thus, from the part (v) of that corollary we get ̺ dν = 0. In summary, µ = g dL T . As the map g is real analytic on T, the map ϕ extends analytically on a neighbourhood of D.
We see that in this example every complex geodesic which admits a map h with linearly independent components can be extended analytically on a neighbourhood of the closed unit disc D. We also see it is possible that for some h there is no map g with components integrable with respect to L T and satistying g(λ) ∈ P D (λh(λ)) for L T -a.e. λ ∈ T, even if these sets are non-empty for L T -a.e. λ ∈ T (cf. Remark 3.7).
In the previously considered domains the singular part ̺ dν of a boundary measure µ of a complex geodesic was usually (e.g. if the components of h were linearly independent) equal to a finite combination of Dirac delta's. In the next example we consider a domain where for appropriately selected map h the singular part of µ can be chosen almost arbitrarily. Note that hereλh(λ) ∈ ∂W D iff Im λ ≥ 0 for λ ∈ T, so in opposite to previously considered domains, in this example the set {λ ∈ T :λh(λ) ∈ ∂W D } is neither the whole T nor a finite subset of T. Let ν be an arbitrary finite positive Borel measure on T singular to L T and such that ν({λ ∈ T : Im λ < 0}) = 0.
Set µ := g dL T + ̺ dν = ̺ dν and let ϕ be a holomorphic map given by the boundary measure µ. One can see that the conditions (i), (ii) and (iii) from Theorem 1.1 are fulfilled. Now if we choose ν such that 1 2π µ(T) ∈ Re D, then in view of Theorem 1.1 the map ϕ is a complex geodesic for D. To do so, we can e.g. take an arbitrary finite positive Borel measure ω singular to L T and supported on the set {λ ∈ T : Im λ ≥ 0}, and put ν := ω + δ 1 + δ i . If the measure ω is not a combination of Dirac delta's, then the singular part of µ is also not.
